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Abstract Algorithms for computing verified bounds of all singular values of matrix
are proposed. It is shown that the proposed bounds are equal or tighter than previous
bounds. The computational costs of the proposed algorithms are equal or smaller than
those of the previous algorithms. Numerical results show the properties of the proposed
algorithms. As an application of the proposed algorithms, algorithms for computing
verified bounds of all generalized singular values are also sketched.
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1 Introduction

A matrix factorization having great importance in numerical linear algebra is the
singular value decomposition (SVD), which is based on the following theorem:

Theorem 1 (E.g. Golub and Van Loan [4]) Let A ∈ R
m×n be given. There exist

orthogonal U ∈ R
m×m and V ∈ R

n×n such thatx

U T AV = � = diag(σ1, . . . , σq), q = min(m, n),

σ1 ≥ · · · ≥ σr∗ > σr∗+1 = · · · = σq = 0, r∗ = rank(A).
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514 S. Miyajima

The nonnegative real numbers σi , i = 1, . . . , q are called the singular values of
A, which play important roles in application areas. It is well known that σ 2

i are the
eigenvalues of the symmetric pencils AT A−λIn and AAT −λIm , where In denotes the
n×n identity matrix. See [4] regarding to the definition of a pencil and its eigenvalues.
The important issue is the computations for few of the largest or smallest singular
values. On the other hand, the computation of all the singular values is also important.
In fact, the computation of all the singular values appear in several applications, and
the algorithms (e.g. [3,8,11]) for numerically computing all the singular values have
been proposed.

In this paper, we consider computing verified bounds of all the singular values.
Oishi [9] firstly proposed such an algorithm utilizing numerical full SVD. Recently
Rump [14] proposed two algorithms. The first and second algorithms utilize the full
SVD and numerical eigen-decomposition, respectively.

The purpose of this paper is to propose four algorithms for computing verified
bounds of all the singular values. It is shown that the proposed first and second algo-
rithms give equal or tighter bounds than those by the algorithm in [9] and the first
algorithm in [14], respectively. It is proved that the proposed fourth algorithm yields
equal or tighter bounds than those by the second algorithm in [14] when m ≥ n. The
computational costs of the proposed first, second and fourth algorithms are equal or
smaller than those of the algorithm in [9], and the first and second algorithms in [14],
respectively. The computational cost of the third algorithm is smaller than those of
the proposed first and second algorithms. In the proposed first and third algorithms,
numerical economy SVD is utilized instead of the full SVD. This enables us to reduce
computational costs significantly when m � n or m � n (see Sects. 3, 4 for details).

As an application of the proposed algorithms, we describe algorithms for computing
verified bounds for generalized singular values, which are defined by the following
theorem:

Theorem 2 (Van Loan [15]) Let A ∈ R
m×n with m ≥ n and B ∈ R

p×n be given.
There exist orthogonal U ∈ R

m×m and V ∈ R
p×p and a nonsingular X ∈ R

n×n such
that

U T AX = �A = diag(c1, . . . , cn), V T B X = �B = diag(s1, . . . , sq), q = min(p, n),

0 ≤ c1 ≤ · · · ≤ cn ≤ 1, 1 ≥ s1 ≥ · · · ≥ sr∗ > sr∗+1 = · · · = sq = 0, r∗ = rank(B),

c2
i + s2

i = 1, i = 1, . . . , q.

This matrix factorization and the quotients μ j = c j/s j , j = 1, . . . , r∗ are called
the generalized singular value decomposition (GSVD) and the generalized singular
values of A and B, respectively. Note that μ2

j are the eigenvalues of the symmetric

pencil AT A − λBT B (see [4]). Although more general definition of the GSVD can
be found in [12], in this paper, we define the GSVD by Theorem 2 for simplicity. The
GSVD is a tool used in many applications, such as damped least squares, least squares
with equality constraints, certain generalized eigenvalue problems and weighted least
squares [15]. An algorithm for computing verified bounds of c j , s j and j-th columns
of U , V and X for specified j ∈ {1, . . . , r∗} has been proposed in [1]. As far as the

123



Verified bounds for singular values of matrix 515

author knows, on the other hand, an algorithm giving verified bounds of μ j for all
j = 1, . . . , r∗ has not been written down in literatures. We thus extend the proposed
algorithms and sketch eight algorithms for this purpose. The former and latter four
algorithms are applicable if BT B and AT A are nonsingular, respectively. We do not
assume but prove these nonsingularities during the executions of these algorithms.

This paper is organized as follows: In Sect. 2, notations and theories utilized in
this paper are introduced. In Sect. 3, theories for computing verified bounds of all the
singular values are constructed. In Sect. 4, numerical results are reported. In Sect. 5,
the theories in Sect. 3 are extended for computing verified bounds of all the generalized
singular values. Let B+ denote the pseudo-inverse of B. In Sect. 6, an algorithm for
computing an upper bound of ‖B+‖2, which is required in some of the algorithms
based on the theories in Sect. 5, is introduced. In Sect. 7, numerical results for the
generalized singular values are reported. Finally Sect. 8 summarizes the results in this
paper and highlights possible extensions and future work.

2 Preliminaries

In this section, we introduce some notations and theories utilized hereafter. Let In

and On be the n × n identity and zero matrices, respectively. For M = (Mi j ) ∈
R

m×n , let MT := (M ji ), |M | := (|Mi j |), M+ denote the pseudo-inverse of M and
M+T := (MT )+. If m = n, especially, let M−T := (MT )−1 and diag(M) :=
(M11, . . . , Mnn)T . For v ∈ R

n , vi denotes the i-th element of v. For c, r ∈ R where
r ≥ 0, < c, r > denotes the interval whose center and radius are c and r , respectively.
For A ∈ R

m×n and q = min(m, n), let σi (A), i = 1, . . . , q be the singular values
of A such that σ1(A) ≥ · · · ≥ σq(A). For A ∈ R

m×n with m ≥ n, B ∈ R
p×n

and r∗ = rank(B), let σi (A, B), i = 1, . . . , r∗ be the generalized singular values
of A and B such that σ1(A, B) ≥ · · · ≥ σr∗(A, B). For symmetric A ∈ R

n×n , let
λi (A), i = 1, . . . , n be the eigenvalues of A such that λ1(A) ≥ · · · ≥ λn(A). For
symmetric A ∈ R

n×n , symmetric non-negative definite B ∈ R
n×n and r∗ = rank(B),

let λi (A, B), i = 1, . . . , r∗ be the generalized eigenvalues of A and B such that
λ1(A, B) ≥ · · · ≥ λr∗(A, B). Denote a relative rounding error unit and an underflow
constant by u and u, respectively. For IEEE754 double precision, we have u = 2−53

and u = 2−1074. Let e(n,i), i = 1, . . . , n be the i-th column of In , γn := nu/(1 − nu)

and s(n) := (1, . . . , 1)T ∈ R
n . We cite Lemmas 1 and 2, and Theorem 3.

Lemma 1 (Rump [14]) Let X ∈ R
m×n be given and E := In − X T X. If ‖E‖2 < 1,

then m ≥ n, X has full rank, and

√
1 − ‖E‖2 ≤ σi (X) ≤ √

1 + ‖E‖2 and
1√

1 + ‖E‖2
≤ σi (X+) ≤ 1√

1 − ‖E‖2

for i = 1, . . . , n. In particular,

√
1 − ‖E‖2 ≤ ‖X‖2 ≤ √

1 + ‖E‖2 and
1√

1 + ‖E‖2
≤ ‖X+‖2 ≤ 1√

1 − ‖E‖2
.
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516 S. Miyajima

Lemma 2 (E.g. Horn and Johnson [6]) Let A, E ∈ R
m×n be given. Then |σi (A +

E) − σi (A)| ≤ ‖E‖2 and σi (AET ) ≤ σi (A)‖E‖2 hold for i = 1, . . . , min(m, n).

Theorem 3 (E.g. Parlett [10]) Let A ∈ R
n×n be symmetric, y ∈ R

n be a unit vector,
θ := yT Ay, α be the eigenvalue of A closest to θ , and gap(A, θ) := min |λi (A) − θ |
over all λi (A) 
= α. Then it follows that

|θ − α| ≤ ‖Ay − θy‖2
2

gap(A, θ)
.

3 Verification theories

In this section, we refer previous theories for computing verified bounds of all the
singular values and construct theories for this purpose. We cite Theorems 4, 5 and 6
regarding to the previous theories.

Theorem 4 (Oishi [9]) Let A ∈ R
m×n, U ∈ R

m×m, � ∈ R
m×n and V ∈ R

n×n be
given, � be diagonal with �11 ≥ · · · ≥ �qq ≥ 0 where q := min(m, n), E :=
U�V T − A, F := V T V − In and G := U T U − Im. If ‖F‖2 < 1 and ‖G‖2 < 1,
δi ≤ σi (A) ≤ δi holds for i = 1, . . . , q, where

δi := �i i − δi , δi := �i i + δi , δi := �i i max(‖F‖2, ‖G‖2) + ‖E‖2.

Remark 1 Comparing to the 1-norm and ∞-norm, it is not computationally efficient to
obtain verified upper bounds of the 2-norm. It is well known (e.g. [4]) for M ∈ R

m×n

that ‖M‖2 ≤ √‖M‖1‖M‖∞. If M is symmetric in particular, we have ‖M‖2 ≤
‖M‖∞. Thus in Sects. 4 and 7, the compared algorithms avoid the direct computation
of the 2-norm by utilizing these properties.

Let q := min(m, n) and Q := max(m, n). The computational cost of the algorithm
based on Theorem 4 is 4m3 + 4m2n + 8mn2 + 13n3 + 6Qq2 + O(m2 + n2) divided
into

4m2n + 8mn2 + 9n3 full SVD to obtain U , � and V (c.f. [4, Sect. 5.4.5]),
6Qq2 inclusion of (U�)V T when m ≥ n, or U (�V T ) when m < n,
4m3 inclusion of U T U ,
4n3 inclusion of V T V .

Theorem 5 (Rump [14]) Let A, U, V , F, G and q be as in Theorem 4. Define D,
E ∈ R

m×n so that U T AV = D + E and D is diagonal. If ‖F‖2 < 1 and ‖G‖2 < 1,
then there is a numbering ν : {1, . . . , q} → {1, . . . , q} with εi ≤ σν(i)(A) ≤ εi for
i = 1, . . . , q, where

εi := |Dii | − ‖E‖2√
(1 + ‖F‖2)(1 + ‖G‖2)

, εi := |Dii | + ‖E‖2√
(1 − ‖F‖2)(1 − ‖G‖2)

.
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Verified bounds for singular values of matrix 517

Remark 2 Note that the definitions of D and E imply that Eii = 0, i = 1, . . . , q. The
matrices E and Ê in Theorems 6 or 11, Remark 3, or Corollaries 2, 4, 6, or 8 have the
similar property.

The computational cost of the algorithm based on Theorem 5 is 4m3 + 4m2n +
8mn2 + 13n3 + 4Q2q + 6Qq2 + O(m2 + n2) divided into

4m2n + 8mn2 + 9n3 the full SVD,
4Q2q + 6Qq2 inclusion of (U T A)V when m ≥ n, or U T (AV ) when m < n,
4m3 the inclusion of U T U ,
4n3 the inclusion of V T V .

Theorem 6 (Rump [14]) Let A, V , F and q be as in Theorem 4. Define D, E ∈ R
n×n

so that (AV )T AV = D + E and D is diagonal. If ‖F‖2 < 1, there is a numbering
ν : {1, . . . , q} → {1, . . . , q} with ζ

i
≤ σν(i)(A) ≤ ζ i for i = 1, . . . , q, where

ζ
i
:=

√
Dii − ‖E‖2

1 + ‖F‖2
, ζ i :=

√
Dii + ‖E‖2

1 − ‖F‖2
.

The computational cost of the algorithm based on Theorem 6 is 14mn2 + 13n3 +
O(m2 + n2) divided into

2mn2 approximate computation of AT A,
9n3 eigen-decomposition to obtain V (c.f. [4, Algorithm 8.3.3]),
4n3 the inclusion of V T V ,
4mn2 inclusion of AV ,
8mn2 inclusion of (AV )T AV .

We formulate and prove Theorems 7, 9, 10 and 11 to develop the proposed algo-
rithms, and establish Theorems 8 and 12 to clarify the relations between the proposed
bounds and the previous bounds.

Theorem 7 Let A, U, �, V and q be as in Theorem 4, Û and V̂ be the submatrices
which consist of the first q columns of U and V , respectively, �̂ ∈ R

q×q be diagonal
with �̂i i = �i i , i = 1, . . . , q, Ê := Û �̂V̂ T −A, F̂ := V̂ T V̂ −Iq and Ĝ := Û T Û−Iq .

If ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, then δM
i ≤ σi (A) ≤ δ

M
i holds for i = 1, . . . , q, where

δM
i := �̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) − ‖Ê‖2,

δ
M
i := �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) + ‖Ê‖2.

Proof The inequalities ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, and Lemma 1 show that Û and V̂
have full rank. From Lemmas 1 and 2, we obtain
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518 S. Miyajima

σi (A) = σi (Û�̂V̂ T ) + σi (A) − σi (Û �̂V̂ T ),

σi (Û�̂V̂ T ) ≤ ‖Û‖2σi (�̂)‖V̂ ‖2 ≤ �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2),

�̂i i = σi (�̂) = σi (Û
+Û �̂V̂ T V̂ +T ) ≤ ‖Û+‖2σi (Û �̂V̂ T )‖V̂ +‖2

≤ σi (Û �̂V̂ T )
√

(1 − ‖F̂‖2)(1 − ‖Ĝ‖2)

,

|σi (A) − σi (Û �̂V̂ T )| ≤ ‖Ê‖2,

which prove the result. 
�
The computational cost of the algorithm based on Theorem 7 is 24Qq2 + 12q3 +

O(m2 + n2) divided into

14Qq2 + 8q3 economy SVD to obtain Û , �̂ and V̂ (c.f. [4, Sect. 5.4.5]),
6Qq2 inclusion of (Û �̂)V̂ T when m ≥ n, or Û (�̂V̂ T ) when m < n,
4Qq2 inclusion of Û T Û when m ≥ n, or V̂ T V̂ when m < n,
4q3 inclusion of V̂ T V̂ when m ≥ n, or Û T Û when m < n.

Theorem 8 Let q, δi and δi be as in Theorem 4, and δM
i and δ

M
i be as in Theorem 7.

Then δi ≤ δM
i and δ

M
i ≤ δi follow for i = 1, . . . , q.

Proof Let �, E , F and G be as in Theorem 4, and �̂, Ê , F̂ and Ĝ be as in Theorem 7.
Since F̂ and Ĝ are the submatrices of F and G, respectively, ‖F̂‖2 ≤ ‖F‖2 and
‖Ĝ‖2 ≤ ‖G‖2 hold. These inequalities and �̂i i = �i i yield

�̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) ≤ �i i

√
(1 + ‖F‖2)(1 + ‖G‖2)

≤ �i i (1 + max(‖F‖2, ‖G‖2)),

�̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) ≥ �i i

√
(1 − ‖F‖2)(1 − ‖G‖2)

≥ �i i (1 − max(‖F‖2, ‖G‖2)).

These inequalities and Ê = E show the result. 
�
Remark 3 Let A, U , V , q, F and G be as in Theorem 4, D, E , εi and εi be as in
Theorem 5, and Û , V̂ , F̂ and Ĝ be as in Theorem 7. Define D̂, Ê ∈ R

q×q so that
Û T AV̂ = D̂ + Ê and D̂ is diagonal. From Lemmas 1 and 2, if ‖F̂‖2 < 1 and
‖Ĝ‖2 < 1, we have

σi (D̂) − ‖Ê‖2 ≤ σi (D̂ + Ê) = σi (Û
T AV̂ ) ≤ ‖Û‖2σi (A)‖V̂ ‖2

≤ σi (A)

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2),

so that there is a numbering ν : {1, . . . , q} → {1, . . . , q} with

εM̃
i ≤ σν(i)(A), εM̃

i := |D̂ii | − ‖Ê‖2√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2)

.
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Verified bounds for singular values of matrix 519

The lower bound εM̃
i satisfies εM̃

i ≥ εi , since ‖Ê‖2 ≤ ‖E‖2, ‖F̂‖2 ≤ ‖F‖2, ‖Ĝ‖2 ≤
‖G‖2, and D̂ii = Dii hold. On the other hand, the inequality

σν(i)(A) ≤ εM̃
i , εM̃

i := |D̂ii | + ‖Ê‖2√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2)

does not always follow. For example, let m = 2n,

A =
(

In

On

)
, U =

(
On In

In On

)
, V = In .

We then obtain

Û =
(

On

In

)
, V̂ = In, F̂ = Ĝ = On, D̂ = Ê = On,

so that εM̃
i = 0, although σi (A) = 1, i = 1, . . . , n. Note that Theorem 5 is still valid

even in this case, since

F = On, G = Om, D =
(

On

On

)
, E =

(
On

In

)
,

so that εi = −1 and εi = 1 follow for all i .

Theorem 9 Adding with the definitions and the assumptions in Theorem 5, for i ∈
{1, . . . , q}, if < |Dii |, ‖E‖2 > is isolated from

⋃q
j=1, j 
=i < |D j j |, ‖E‖2 > and

|Dii | > ‖E‖2, then define

ρi :=

⎧
⎪⎨

⎪⎩

min
1≤ j≤q, j 
=i

||D j j | − |Dii || − ‖E‖2 (if m = n)

min

(
min

1≤ j≤q, j 
=i
||D j j | − |Dii || − ‖E‖2, |Dii |

)
(otherwise)

,

e(i) :=
(

ET e(m,i)

Ee(n,i)

)
,

ξi := ‖e(i)‖2
2

2ρi
, ωi := min(ξi , ‖E‖2).

Otherwise let ωi := ‖E‖2. Then εM
i ≤ σν(i)(A) ≤ εM

i holds for i = 1, . . . , q, where

εM
i := |Dii | − ωi√

(1 + ‖F‖2)(1 + ‖G‖2)
, εM

i := |Dii | + ωi√
(1 − ‖F‖2)(1 − ‖G‖2)

.

Remark 4 Since < |Dii |, ‖E‖2 > is isolated from the other intervals and |Dii | >

‖E‖2, min1≤ j≤q, j 
=i ||D j j | − |Dii || − ‖E‖2 > 2‖E‖2 − ‖E‖2 = ‖E‖2 ≥ 0 and
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520 S. Miyajima

|Dii | > ‖E‖2 ≥ 0 hold. Hence ρi is always positive. The real numbers ρi in Theo-
rem 11 have the similar property.

Proof It is sufficient to prove |Dii |− ξi ≤ σν(i)(D + E) ≤ |Dii |+ ξi in the case when
< |Dii |, ‖E‖2 > is isolated from the other intervals and |Dii | > ‖E‖2. Let

D :=
(

On DT + ET

D + E Om

)
, y(i)

+ := 1√
2

(
e(n,i)

e(m,i)

)
and y(i)

− := 1√
2

(
e(n,i)

−e(m,i)

)
.

It is well known (e.g. [4]) that σi (D + E), i = 1, . . . , q are the eigenvalues of D, since
the characteristic polynomial of D coincides with that of

diag(σ1(D + E), . . . , σq(D + E),−σ1(D + E), . . . ,−σq(D + E), 0, . . . , 0︸ ︷︷ ︸
|m−n|

).

Moreover y(i)
+ and y(i)

− are unit vectors. We thus prove the above inequality by applying

Theorem 3 setting A and y in this theorem as D and y(i)
+ , or D and y(i)

− , respectively.
If Dii ≥ 0, from Remark 2, we have

y(i)T

+ Dy(i)
+ = 1

2
(e(m,i)T

De(n,i) + e(m,i)T
Ee(n,i) + e(n,i)T

DT e(m,i)

+e(n,i)T
ET e(m,i))

= 1

2
(Dii + Dii ) = Dii = |Dii |,

Dy(i)
+ − |Dii |y(i)

+ = 1√
2

(
(DT + ET )e(m,i) − |Dii |e(n,i)

(D + E)e(n,i) − |Dii |e(m,i)

)

= 1√
2

(
Dii e(n,i) + ET e(m,i) − |Dii |e(n,i)

Dii e(m,i) + Ee(n,i) − |Dii |e(m,i)

)

= 1√
2

( |Dii |e(n,i) + ET e(m,i) − |Dii |e(n,i)

|Dii |e(m,i) + Ee(n,i) − |Dii |e(m,i)

)
= 1√

2
e(i).

From Lemma 2, σν(i)(D + E) ∈< |Dii |, ‖E‖2 > holds for i = 1, . . . , q. Since
< |Dii |, ‖E‖2 > is isolated from

⋃q
j=1, j 
=i < |D j j |, ‖E‖2 > and |Dii | > ‖E‖2,

additionally, 0 /∈< |Dii |, ‖E‖2 > follows and < |Dii |, ‖E‖2 > is also isolated
from

⋃q
j=1 < −|D j j |, ‖E‖2 >. Therefore the eigenvalue of D closest to |Dii | is

σν(i)(D + E). When m = n, we hence obtain

gap(D, |Dii |)
= min

(
min

1≤ j≤q, j 
=ν(i)
|σ j (D + E) − |Dii ||, min

1≤ j≤q
| − σ j (D + E) − |Dii ||

)

= min
1≤ j≤q, j 
=ν(i)

|σ j (D + E) − |Dii || ≥ min
1≤ j≤q, j 
=i

||D j j | − |Dii || − ‖E‖2 = ρi .
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Verified bounds for singular values of matrix 521

When m 
= n, we similarly obtain

gap(D, |Dii |)
= min

(
min

1≤ j≤q, j 
=ν(i)
|σ j (D + E) − |Dii ||, min

1≤ j≤q
| − σ j (D + E) − |Dii ||, |0 − |Dii ||

)

= min

(
min

1≤ j≤q, j 
=ν(i)
|σ j (D + E) − |Dii ||, |Dii |

)

≥ min

(
min

1≤ j≤q, j 
=i
||D j j | − |Dii || − ‖E‖2, |Dii |

)
= ρi .

These discussion and Theorem 3 give ||Dii | − σν(i)(D + E)| ≤ ξi , which proves the
above inequality.

If Dii < 0, it holds that

y(i)T

− Dy(i)
− = −Dii = |Dii |,

Dy(i)
− − |Dii |y(i)

− = 1√
2

(−Dii e(n,i) − ET e(m,i) − |Dii |e(n,i)

Dii e(m,i) + Ee(n,i) + |Dii |e(m,i)

)

= 1√
2

( |Dii |e(n,i) − ET e(m,i) − |Dii |e(n,i)

−|Dii |e(m,i) + Ee(n,i) + |Dii |e(m,i)

)

= 1√
2

(−ET e(m,i)

Ee(n,i)

)
.

This and the discussion similar to that in the case when Dii ≥ 0 yield ||Dii | −
σν(i)(D + E)| ≤ ξi , which completes the proof. 
�
The computational cost of the algorithm based on Theorem 9 is similar to that of the
algorithm based on Theorem 5. It is obvious that εi ≤ εM

i and εM
i ≤ εi follow for

i = 1, . . . , q.

Remark 5 Let A, q, F and G be as in Theorem 4, D and E be as in Theorem 5, F̂
and Ĝ be as in Theorem 7, and D̂ and Ê be as in Remark 3. Theorem 9 is based on

σi (D + E)√
(1 + ‖F‖2)(1 + ‖G‖2)

≤ σi (A) ≤ σi (D + E)√
(1 − ‖F‖2)(1 − ‖G‖2)

, i = 1, . . . , q.

If it follows that

σi (D̂ + Ê)
√

(1 + ‖F̂‖2)(1 + ‖Ĝ‖2)

≤ σi (A) ≤ σi (D̂ + Ê)
√

(1 − ‖F̂‖2)(1 − ‖Ĝ‖2)

, i = 1, . . . , q,

therefore, improvement of Theorem 9 utilizing the economy SVD will be possible.

From the first half of Remark 3, σi (D̂ + Ê)/

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) ≤ σi (A) holds.

As the example in the second half of Remark 3 shows, however, σi (A) ≤ σi (D̂ + Ê)

123



522 S. Miyajima

/

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) does not always follow. Hence the improvement seems to

be difficult. We leave the improvement as an open challenge.

Theorem 10 Let A and q be as in Theorem 4, and Û , �̂, V̂ , F̂ and Ĝ be as in
Theorem 7. Define

� :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

√
1 − ‖Ĝ‖2

√
1 + ‖F̂‖2

�̂ (when m ≥ n)

√
1 − ‖F̂‖2

√
1 + ‖Ĝ‖2

�̂ (when m < n)

, � :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

√
1 + ‖Ĝ‖2

√
1 − ‖F̂‖2

�̂ (when m ≥ n)

√
1 + ‖F̂‖2

√
1 − ‖Ĝ‖2

�̂ (when m < n)

,

ρ :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

‖AV̂ − Û�̂‖2√
1 − ‖F̂‖2

(when m ≥ n)

‖Û T A − �̂V̂ T ‖2√
1 − ‖Ĝ‖2

(when m < n)

.

If ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, �i i − ρ ≤ σi (A) ≤ �i i + ρ follows for i = 1, . . . , q.

Proof Similarly to the proof of Theorem 7, V̂ and Û have full rank. When m ≥ n, it
holds from Lemmas 1 and 2 that

σi (A) = σi (Û �̂V̂ −1) + σi (A) − σi (Û �̂V̂ −1),

σi (Û �̂V̂ −1) ≤ ‖Û‖2σi (�̂)‖V̂ −1‖2 ≤ �i i ,

�̂i i = σi (�̂) = σi (Û
+Û �̂V̂ −1V̂ ) ≤ ‖Û+‖2σi (Û�̂V̂ −1)‖V̂ ‖2

≤ σi (Û�̂V̂ −1)

√
1 + ‖F̂‖2

√
1 − ‖Ĝ‖2

,

|σi (A) − σi (Û�̂V̂ −1)| ≤ ‖A − Û�̂V̂ −1‖2 = ‖(AV̂ − Û �̂)V̂ −1‖2

≤ ‖AV̂ − Û �̂‖2‖V̂ −1‖2 ≤ ρ,

showing �i i − ρ ≤ σi (A) ≤ �i i + ρ. When m < n, we obtain

σi (A) = σi (Û
−T �̂V̂ T ) + σi (A) − σi (Û

−T �̂V̂ T ),

σi (Û
−T �̂V̂ T ) ≤ ‖Û−1‖2σi (�̂)‖V̂ ‖2 ≤ �i i ,

�̂i i = σi (Û
T Û−T �̂V̂ T V̂ +T ) ≤ ‖Û‖2σi (Û

−T �̂V̂ T )‖V̂ +‖2

≤ σi (Û−T �̂V̂ T )

√
1 + ‖Ĝ‖2

√
1 − ‖F̂‖2

,
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|σi (A) − σi (Û
−T �̂V̂ T )| ≤ ‖A − Û−T �̂V̂ T ‖2 = ‖Û−T (Û T A − �̂V̂ T )‖2

≤ ‖Û−T ‖2‖Û T A − �̂V̂ T ‖2 ≤ ρ,

giving �i i − ρ ≤ σi (A) ≤ �i i + ρ. 
�
The computational cost of the algorithm based on Theorem 10 is 22Qq2 + 12q3 +

O(m2 + n2) divided into

14Qq2 + 8q3 the economy SVD,
4Qq2 inclusion of AV̂ when m ≥ n, or Û T A when m < n,
4Qq2 the inclusion of Û T Û or V̂ T V̂ ,
4q3 the inclusion of V̂ T V̂ or Û T Û .

Theorem 11 Let A and q be as in Theorem 4. Let also V and F be as in Theorem 4 if
m ≥ n. Otherwise let V ∈ R

m×m be given and F := V T V − Im. Define D̂, Ê ∈ R
q×q

so that

D̂ + Ê =
{

(AV )T AV (when m ≥ n)

(AT V )T AT V (when m < n)

and D̂ is diagonal. Let s(q) := (1, . . . , 1)T ∈ R
q and f := |Ê |s(q), and assume

‖F‖2 < 1. For i ∈ {1, . . . , q}, if < D̂ii , fi > is isolated from
⋃q

j=1, j 
=i < D̂ j j , f j >,

then define ρi := min1≤ j≤q, j 
=i (|D̂ii − D̂ j j | − f j ), gi := ‖Êe(q,i)‖2
2/ρi , hi :=

min( fi , gi ),

ζ M
i

:=

⎧
⎪⎨

⎪⎩

√
D̂ii − hi

1 + ‖F‖2
(i f D̂ii ≥ hi )

0 (otherwise)

, ζ
M
i :=

√
D̂ii + hi

1 − ‖F‖2
.

Otherwise let
⋃k

j=1 < D̂i j i j , fi j >, where i ∈ {i1, . . . , ik} ⊆ {1, . . . , q}, be the
connected intervals which is isolated from the other intervals, and define

ξ
i
:= max

(
min

j∈{i1,...,ik }
(D̂ j j − f j ), D̂ii − ‖Ê‖∞

)
,

ξ i := min

(
max

j∈{i1,...,ik }
(D̂ j j + f j ), D̂ii + ‖Ê‖∞

)
,

ζ M
i

:=

⎧
⎪⎨

⎪⎩

√
ξ

i

1 + ‖F‖2
(i f ξ

i
≥ 0)

0 (otherwise)

, ζ
M
i :=

√
ξ i

1 − ‖F‖2
.

Then there is a numbering ν : {1, . . . , q} → {1, . . . , q} with ζ M
i

≤ σν(i)(A) ≤ ζ
M
i

for i = 1, . . . , q.
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Proof When m ≥ n, Lemmas 1 and 2 yield

σi (A)2 = σi (AT A) = σi (V −T V T AT AV V −1)

≤ ‖V −1‖2
2σi (V T AT AV ) ≤ λi ((AV )T AV )

1 − ‖F‖2
= λi (D̂ + Ê)

1 − ‖F‖2
,

λi (D̂ + Ê) = σi (V T AT AV ) ≤ ‖V ‖2
2σi (AT A) ≤ (1 + ‖F‖2)σi (A)2.

When m < n, we similarly obtain

λi (D̂ + Ê)

1 + ‖F‖2
≤ σi (A)2 ≤ λi (D̂ + Ê)

1 − ‖F‖2
. (3.1)

Since λi (D̂ + Ê) = σi (D̂ + Ê) and λi (D̂) = σi (D̂), Lemma 2 yields |λi (D̂ + Ê)−
λi (D̂)| ≤ ‖Ê‖2 ≤ ‖Ê‖∞. Hence the numbering ν such that λν(i)(D̂) = D̂ii satisfies

|λν(i)(D̂ + Ê) − D̂ii | ≤ ‖Ê‖∞, i = 1, . . . , q. (3.2)

Gershgorin circle theorem (e.g. [4]) gives that λi (D̂+ Ê), i = 1, . . . , q are included
in the set

⋃q
j=1 < D̂ j j , f j >. If k of the intervals form a connected domain which is

isolated from the other intervals, moreover, then there are precisely k eigenvalues.
Hence if < D̂ii , fi > is isolated from

⋃q
j=1, j 
=i < D̂ j j , f j >, then this interval

contains precisely one eigenvalue of D̂ + Ê and the eigenvalue uniquely contained in
< D̂ii , fi > must be λν(i)(D̂ + Ê) 1, so that |D̂ii − λν(i)(D̂ + Ê)| ≤ fi holds. The
isolation of < D̂ii , fi > additionally enables us to apply Theorem 3 by setting A and y
in this theorem as D̂ + Ê and e(q,i), respectively. We have e(q,i)T

(D̂ + Ê)e(q,i) = D̂ii

from Remark 2. The eigenvalue of D̂ + Ê closest to D̂ii is λν(i)(D̂ + Ê). It holds that
gap(D̂ + Ê, D̂ii ) = min1≤ j≤q, j 
=ν(i) |λ j (D̂ + Ê) − D̂ii | ≥ ρi , and (D̂ + Ê)e(q,i) −
D̂ii e(q,i) = Êe(q,i). These relations and Theorem 3 yield |D̂ii − λν(i)(D̂ + Ê)| ≤ gi .

If < D̂ii , fi > is not isolated from the other intervals, from the definition of⋃k
j=1 < D̂i j i j , fi j > and the Gershgorin theorem, this set contains k eigenvalues

and the contained eigenvalues must be λ j (D̂ + Ê), j = ν(i1), . . . , ν(ik), so that
λν(i)(D̂ + Ê) is included in this union. This and (3.2) give λν(i)(D̂ + Ê) ∈ ⋃k

j=1 <

D̂i j i j , fi j > ∩ < D̂ii , ‖Ê‖∞ >. The result follows from these eigenvalue properties
and (3.1). 
�
The computational cost of the algorithm based on Theorem 11 is 14Qq2 + 13q3 +
O(m2 + n2) divided into

2Qq2 approximate computation of AT A or AAT ,
9q3 eigen-decomposition to obtain V ,

1 Otherwise the union of ν(i)−1 intervals
⋃

D̂ j j >D̂ii
< D̂ j j , f j > contains ν(i) eigenvalues λ j (D̂ + Ê),

j = 1, . . . , ν(i), or the union of q − ν(i) intervals
⋃

D̂ j j <D̂ii
< D̂ j j , f j > contains q − ν(i) + 1

eigenvalues λ j (D̂ + Ê), j = ν(i), . . . , q. They contradict the Gershgorin theorem.
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4q3 the inclusion of V T V ,
4Qq2 inclusion of AV when m ≥ n, or AT V when m < n,
8Qq2 inclusion of (AV )T AV when m ≥ n, or (AT V )T AT V when m < n.

Theorem 12 Let F and q be as in Theorem 4, D and E be as in Theorem 6, and ζ M
i

and ζ
M
i be as in Theorem 11. If m ≥ n and Dii ≥ ‖E‖∞ for i ∈ {1, . . . , q}, it holds

that

√
Dii − ‖E‖∞

1 + ‖F‖2
≤ ζ M

i
, ζ

M
i ≤

√
Dii + ‖E‖∞

1 − ‖F‖2
.

Remark 6 As shown in Theorem 6, ζ
i

and ζ i contain not ‖E‖∞ but ‖E‖2. In the
practical application of the algorithm based on Theorem 6, on the other hand, ‖E‖2 in
ζ

i
and ζ i are replaced by ‖E‖∞ in order to avoid the direct computation of 2-norm.

Hence Theorem 12 clarifies the relation between the bounds in Theorems 6 and 11 in
the practical applications when m ≥ n.

Remark 7 If Dii < ‖E‖∞,
√

(Dii − ‖E‖∞)/(1 + ‖F‖2) is complex, so that this
quantity becomes meaningless.

Proof Let D̂, Ê and f be as in Theorem 11. If m ≥ n, D̂ and Ê coincides with D and
E , respectively. This and fi ≤ ‖E‖∞ prove the theorem. 
�

4 Numerical results

In this section, we report numerical results to show the properties of the proposed
algorithms and performances of our implementation. We used a computer with Intel
Xeon 2.66GHz Dual CPU, 4.00GB RAM and MATLAB 7.5 with Intel Math Kernel
Library and IEEE 754 double precision. In order to assess the quality of the verified
bounds, we define the radius as follows:

the radius := the upper bound − the lower bound

2
.

The compared algorithms are as follows:

M1: The algorithm based on Theorem 7,
M2: The algorithm based on Theorem 9,
M3: The algorithm based on Theorem 10,
M4: The algorithm based on Theorem 11,
O: The algorithm based on Theorem 4,
R1: The algorithm based on Theorem 5,
R2: The algorithm based on Theorem 6,
V: VERSOFT [13] function versingval.

In the algorithms M1, M2, M3, O, and R1, the economy or full SVD are executed by
the MATLAB function svd. In M4 and R2, the eigen-decomposition is executed by
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Table 1 Computing times (s) in Sect. 4.1

m n M1 M2 M3 M4 O R1 R2 V

1000 300 0.7606 2.1017 0.7123 0.4478 1.8745 2.0879 0.4523 21610

3000 300 1.5187 28.293 1.3742 0.9300 26.359 28.260 0.9454 MO

10000 300 4.3709 MO 3.9379 2.5639 MO MO 2.5925 MO

1000 1000 17.181 17.929 16.765 7.7360 17.125 17.830 7.7315 23026

3000 3000 467.78 485.30 458.94 195.87 467.98 484.69 195.92 MO

300 1000 0.7927 2.1006 0.7027 0.4396 1.9132 2.0909 4.8780 21539

300 3000 1.6637 28.379 1.4008 0.9426 26.710 28.300 112.31 MO

300 10000 5.9769 MO 3.9487 2.5950 MO MO MO MO

the function eig. For A ∈ R
m×n having full rank, we define the condition number

κ(A) := ‖A‖2‖A+‖2. When A is rank deficient, κ(A) := ∞. In tables below, the
notation MO and fail1 mean that the algorithms failed because of memory over, and
R2 failed since Dii −‖E‖2 in Theorem 6 could not be verified to be positive for some
i , respectively.

4.1 Example 1

In this example, we observe computing times of the algorithms for various m and
n. Consider the case when A ∈ R

m×n is generated by A = randn(m,n);. The
function randn generates a random matrix whose elements are uniformly distributed
in [−1, 1]. Table 1 displays the computing times of the algorithms for various m and
n.

The computing times of M1 and M4 were approximately equal or smaller than
those of O and R2, respectively. The computing times of M2 were approximately
equal to those of R1. These results coincide with the discussion in Sect. 3. When
m < n, especially, M4 was much faster than R2. The reason is that M4 does not
involve matrix multiplications of n × n matrices, although R2 involves them. From
the similar reason, M1 succeeded even when (m, n) = (10000, 300), (300, 10000),
as opposed that O failed because of memory over.

4.2 Example 2

In this example, we observe the magnitudes of the radii for various κ(A). Consider the
case when A ∈ R

1000×10 is generated by A = gallery(’randsvd’,[1000,
10],cnd);. We used the Higham’s test matrix randsvd [5]. Then κ(A) ≈ cnd
holds approximately. Table 2 displays the maximum and minimum radii obtained by
the algorithms for various cnd.

The radii by M1, M2 and M4 were smaller than those by O, R1 and R2, respectively.
This result coincides with the discussion in Sect. 3. The algorithm M4 gave large
maximum radii when cnd was large. The reason is as follows: The smallest singular
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Table 2 Maximum (upper part) and minimum (lower part) radii in Sect. 4.2

cnd M1 M2 M3 M4 O R1 R2 V

1e+0 3.1e–14 5.4e–13 3.0e–14 2.9e–14 3.1e–13 5.4e–13 2.9e–14 5.3e–14

1e+4 3.8e–14 1.6e–13 3.8e–14 2.2e–14 3.1e–13 2.7e–13 1.2e–11 2.2e–14

1e+8 3.6e–14 1.6e–13 3.7e–14 2.2e–10 3.1e–13 3.4e–13 fail1 2.0e–14

1e+12 2.9e–14 1.6e–13 2.9e–14 1.3e–8 2.9e–13 3.1e–13 fail1 NaN

1e+16 5.7e–14 2.1e–13 5.3e–14 9.4e–9 3.2e–13 3.7e–13 fail1 NaN

1e+0 3.1e–14 5.3e–13 3.0e–14 1.2e–14 3.1e–13 5.3e–13 1.2e–14 5.3e–14

1e+4 1.3e–14 3.2e–16 1.4e–14 5.5e–17 1.3e–14 1.2e–13 9.9e–15 1.7e–16

1e+8 1.4e–14 2.2e–16 1.4e–14 5.1e–17 1.4e–14 1.8e–13 fail1 1.4e–16

1e+12 4.9e–15 2.1e–16 5.2e–15 4.3e–17 4.9e–15 1.5e–13 fail1 NaN

1e+16 2.4e–14 2.8e–16 2.0e–14 1.2e–16 2.4e–14 2.1e–13 fail1 NaN

Table 3 Obtained radii in Sect. 4.3

M1 M2

1.1e–14 6.0e–15 6.0e–15 1.4e–14 8.1e–15 8.2e–15

M3 M4

9.5e–15 4.5e–15 4.5e–15 6.3e–15 4.3e–8 4.3e–8

R1 R2

2.1e–14 8.1e–15 8.2e–15 6.7e–15 fail1 fail1

O V

1.7e–14 6.0e–15 6.0e–15 2.7e–15 1.8e–15 1.8e–15

value of A becomes close to zero in this case. Thus (D̂ii + hi )/(1 −‖F‖2) for some i
in Theorem 11 becomes also close to zero, so that this quantity is enlarged by taking

square root. For instance, let D̂ii = 0, ‖F‖2 = 0 and hi =1e–16. Then ζ
M
i =1e–8,

although (D̂ii + hi )/(1 − ‖F‖2) =1e–16.

4.3 Example 3

In this example, we observe the radii when A is rank deficient. Consider the case
when A ∈ R

10×3 is generated by A = repmat(randn(10,1),1,3);. Then
σ2(A) = σ3(A) = 0 holds strictly. Table 3 displays all the radii obtained by the
algorithms, where the first, second and third radii correspond to σ1(A), σ2(A) and
σ3(A), respectively.

Table 3 shows that all the algorithms except R2 could compute verified bounds
for all singular values, even if there exist zero and multiple singular values. We can
confirm the similar tendencies to those in Sect. 4.2 regarding to the magnitudes of the
radii.
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4.4 Example 4

In this example, we observe the magnitudes of the radii and computing times for
matrices in the university of Florida sparse matrix collection [2]. Table 4 shows names,
m, n, rank(A) and κ(A) of the matrices being used. Tables 5 and 6 display the similar
quantities to Tables 1 and 2, respectively. Tables 5 and 6 showed the similar tendencies
to those in Sects. 4.1, 4.2 and 4.3.

Table 4 Properties of matrices

Name m n rank(A) κ(A)

Franz1 2240 768 768 2.7e+15

lp_adlittle 56 138 56 4.6e+2

lp_brandy 220 303 193 ∞
Maragal_2 555 350 220 ∞
west0497 497 497 497 4.6e+11

Table 5 Computing times (s) in Sect. 4.4

name M1 M2 M3 M4 O R1 R2 V

Franz1 8.5057 21.757 8.0845 4.8320 19.246 21.628 4.7589 MO

lp_adlittle 0.0115 0.0171 0.0100 0.0065 0.0159 0.0161 0.0225 19.289

lp_brandy 0.1601 0.2036 0.1503 0.1047 0.1820 0.1963 0.1887 737.23

Maragal_2 0.5467 0.7875 0.5068 0.3613 0.6852 0.7607 0.3588 6249.7

west0497 1.1153 1.2117 1.0344 0.7465 1.0947 1.1913 0.7535 8016.2

Table 6 Maximum (upper part) and minimum (lower part) radii in Sect. 4.4

Name M1 M2 M3 M4 O R1 R2 V

Franz1 3.6e–12 4.8e–12 2.7e–12 3.7e–7 6.0e–12 5.0e–12 fail1 MO

lp_adlittle 4.0e–12 4.3e–12 3.3e–12 1.3e–12 6.6e–12 4.9e–12 1.4e–10 NaN

lp_brandy 5.9e–11 5.7e–11 5.5e–11 9.6e–6 7.9e–11 6.4e–11 fail1 NaN

Maragal_2 2.5e–12 2.2e–12 2.2e–12 3.1e–7 3.6e–12 3.1e–12 fail1 NaN

west0497 1.2e–7 1.2e–7 1.1e–7 8.0e–3 1.3e–7 1.2e–7 fail1 NaN

Franz1 1.7e–12 1.9e–12 7.1e–13 6.5e–13 1.7e–12 1.9e–12 fail1 MO

lp_adlittle 1.2e–12 9.5e–15 5.0e–13 3.1e–15 1.3e–12 5.6e–13 2.3e–12 NaN

lp_brandy 1.1e–11 9.1e–15 5.7e–12 3.9e–15 1.1e–11 7.4e–12 fail1 NaN

Maragal_2 7.3e–13 7.5e–15 4.3e–13 2.7e–15 7.3e–13 8.7e–13 fail1 NaN

west0497 1.2e–8 1.2e–17 3.2e–9 6.3e–13 1.2e–8 4.1e–9 fail1 NaN

123



Verified bounds for singular values of matrix 529

5 Extension to generalized singular values

In this section, we extend the presented theorems in Sect. 3 for computing verified
bounds of all the generalized singular values. Corollaries 1, 2, 3 and 4 are extensions of
Theorems 7, 9, 10 and 11, respectively, which are applicable when BT B is nonsingular.

Corollary 1 Let A ∈ R
m×n with m ≥ n, B ∈ R

p×n with p ≥ n, Û ∈ R
m×n,

�̂ ∈ R
n×n and V̂ ∈ R

n×n be given, �̂ be diagonal with �̂11 ≥ · · · ≥ �̂nn, Ê :=
Û �̂V̂ T BT B − A, F̂ := V̂ T BT BV̂ − In, Ĝ := Û T Û − In and β ≥ ‖B+‖2. If

‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, then rank(B) = n and δA
i ≤ σi (A, B) ≤ δ

A
i hold for

i = 1, . . . , n, where

δA
i := �̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) − β‖Ê‖2,

δ
A
i := �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) + β‖Ê‖2.

Proof The inequality ‖F̂‖2 < 1 and Lemma 1 give rank(BV̂ ) = n, which implies
rank(B) = n. Since p ≥ n and rank(B) = n, BT B is positive definite, so that there
exists the Cholesky factorization of BT B such that BT B = L LT , where L ∈ R

n×n

is nonsingular lower triangular. It hence follows for i = 1, . . . , n that

σi (A, B)2 = λi (AT A, BT B) = λi (L−1 AT AL−T ) = λi ((AL−T )T AL−T )

= σi (AL−T )2,

which shows σi (A, B) = σi (AL−T ). From this, ‖(LT V̂ )T LT V̂ − In‖2 = ‖F̂‖2 < 1
and ‖Ĝ‖2 < 1, we can apply Theorem 7 for bounding σi (A, B) by setting A, Û ,
�̂ and V̂ in this theorem as AL−T , Û , �̂ and LT V̂ , respectively. We then obtain
δA∗

i ≤ σi (A, B) ≤ δA∗
i , where

δA∗
i := �̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) − ‖Û �̂(LT V̂ )T − AL−T ‖2,

δ
A∗
i := �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) + ‖Û �̂(LT V̂ )T − AL−T ‖2.

This and

‖Û �̂(LT V̂ )T − AL−T ‖2 = ‖(Û �̂V̂ T L LT − A)L−T ‖2 = ‖Ê L−T ‖2

≤ ‖Ê‖2‖L−T ‖2 = ‖Ê‖2

√
‖L−T L−1‖2

= ‖Ê‖2

√
‖(L LT )−1‖2

=‖Ê‖2

√
‖(BT B)−1‖2 =‖Ê‖2‖B+‖2 ≤β‖Ê‖2 (5.1)

prove the corollary. 
�
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The computational cost of the algorithm based on Corollary 1 is 73mn2/3 + 62n3/3
+ 4n2 p + O(m2 + n2 + p2) divided into

4n2 p inclusion of BT B,
n3/3 Cholesky factorization of the center of the inclusion,
mn2/3 approximate computation of AL−T via forward substitution,
14mn2 + 8n3 economy SVD to obtain Û , �̂ and V̂S such that AL−T ≈ Û �̂V̂ T

S ,

n3/3 approximate computation of L−T V̂S to obtain V̂ via backward substitution,
6n3 inclusion of V̂ T BT B,
6mn2 inclusion of Û �̂V̂ T BT B,
6n3 inclusion of V̂ T BT BV̂ ,
4mn2 inclusion of Û T Û ,

except the computation of β.

Corollary 2 Let A and B be as in Corollary 1, U ∈ R
m×m and V ∈ R

n×n be given,
D and E be defined similarly to those in Theorem 5, F := V T BT BV − In and G :=
U T U − Im. If ‖F‖2 < 1 and ‖G‖2 < 1, then rank(B) = n and there is a numbering
ν : {1, . . . , q} → {1, . . . , q} with εA

i ≤ σν(i)(A, B) ≤ εA
i for i = 1, . . . , n, where εA

i
and εA

i are defined similarly to εM
i and εM

i in Theorem 9, respectively.

Proof Let L be as in the proof of Corollary 1. The relation σi (A, B) = σi (AL−T )

and application of Theorem 9 by setting A, U and V in this theorem as AL−T , U and
LT V , respectively, prove the result. 
�
The computational cost of the algorithm based on Corollary 2 is 4m3 + 8m2n +
43mn2/3 + 65n3/3 + 4n2 p + O(m2 + n2 + p2) divided into

4n2 p the inclusion of BT B,
n3/3 the Cholesky factorization,
mn2/3 the approximate computation of AL−T ,
4m2n + 8mn2 + 9n3 full SVD to obtain U , � and VS such that AL−T ≈ U�V T

S ,
n3/3 the approximate computation of L−T VS to obtain V ,
12n3 inclusion of V T BT BV ,
4m3 inclusion of U T U ,
4m2n + 6mn2 inclusion of (U T A)V .

Corollary 3 Let A, B, Û , �̂, V̂ , F̂ and Ĝ be as in Corollary 1. Define

� :=
√

1 − ‖Ĝ‖2
√

1 + ‖F̂‖2

�̂, � :=
√

1 + ‖Ĝ‖2
√

1 − ‖F̂‖2

�̂, ρ := ‖AV̂ − Û �̂‖2√
1 − ‖F̂‖2

.

If ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, then rank(B) = n and �i i − ρ ≤ σi (A, B) ≤ �i i + ρ

follow for i = 1, . . . , n.

Proof Let L be as in the proof of Corollary 1. The coincidence σi (A, B) = σi (AL−T )

and application of Theorem 10 by setting A, Û , �̂ and V̂ in this theorem as AL−T ,
Û , �̂ and LT V̂ , respectively, prove the result. 
�
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The computational cost of the algorithm based on Corollary 3 is 67mn2/3 + 62n3/3
+ 4n2 p + O(m2 + n2 + p2) divided into

4n2 p the inclusion of BT B,
n3/3 the Cholesky factorization,
mn2/3 the approximate computation of AL−T ,
14mn2 + 8n3 the economy SVD to obtain Û , �̂ and V̂S ,
n3/3 the approximate computation of L−T V̂S ,
4mn2 the inclusion of AV̂ ,
12n3 the inclusion of V̂ T BT BV̂ ,
4mn2 the inclusion of Û T Û .

Corollary 4 Let A, B, V̂ and F̂ be as in Corollary 1. Define D̂, Ê ∈ R
n×n so

that D̂ + Ê = (AV̂ )T AV̂ and D̂ is diagonal. Let ζ A
i

and ζ
A
i be defined similarly

to ζ M
i

and ζ
M
i in Theorem 11, respectively. If ‖F̂‖2 < 1, then rank(B) = n and

there is a numbering ν : {1, . . . , n} → {1, . . . , n} with ζ A
i

≤ σν(i)(A, B) ≤ ζ
A
i for

i = 1, . . . , n.

Proof Let L be as in the proof of Corollary 1. The relation σi (A, B) = σi (AL−T )

and application of Theorem 11 by setting A and V in this theorem as AL−T and LT V̂ ,
respectively, show the inequality. 
�

The computational cost of the algorithm based on Corollary 4 is 14mn2 + 26n3 +
4n2 p + O(m2 + n2 + p2) divided into

2mn2 approximate computation of AT A,
4n2 p the inclusion of BT B,
14n3 generalized eigen-decomposition via Cholesky-QR algorithm (e.g. [4, Algo-
rithm 8.7.1]) to obtain V̂ ,
4mn2 inclusion of AV̂ ,
8mn2 inclusion of (AV̂ )T AV̂ ,
12n3 the inclusion of V̂ T BT BV̂ .

Corollaries 5, 6, 7 and 8 are extensions of Theorems 7, 9, 10 and 11, respectively,
which are applicable when AT A is nonsingular. The computational costs of the algo-
rithms based on Corollaries 5, 6, 7 and 8 are analogous to those of the algorithms
based on Corollaries 1, 2, 3 and 4, respectively.

Corollary 5 Let A ∈ R
m×n with m ≥ n, B ∈ R

p×n, Û ∈ R
p×q , �̂ ∈ R

q×q and
V̂ ∈ R

n×q be given where q := min(p, n), �̂ be diagonal with �̂11 ≥ · · · ≥ �̂qq ,
Ê := Û �̂V̂ T AT A − B, F̂ := V̂ T AT AV̂ − Iq , Ĝ := Û T Û − Iq , r∗ := rank(B) and
β ≥ ‖A+‖2. Assume ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1, and let rδ denote an index satisfying

�̂rδrδ >
β‖Ê‖2√

(1 − ‖F̂‖2)(1 − ‖Ĝ‖2)

≥ �̂rδ+1rδ+1 .
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Then rank(A) = n and 1/δ
B
i ≤ σr∗−i+1(A, B) ≤ 1/δB

i hold for i = 1, . . . , rδ , where

δB
i := �̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) − β‖Ê‖2,

δ
B
i := �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) + β‖Ê‖2.

If rδ = q in particular, 1/δ
B
i ≤ σq−i+1(A, B) ≤ 1/δB

i holds for i = 1, . . . , q.

Proof Similarly to the proof of Corollary 1, there exists the Cholesky factorization of
AT A such that AT A = L LT , where L ∈ R

n×n is nonsingular lower triangular. It thus
follows for i = 1, . . . , r∗ that

σr∗−i+1(A, B)2 = λr∗−i+1(AT A, BT B) = 1

λi (BT B, AT A)
= 1

λi (L−1 BT BL−T )

= 1

λi ((BL−T )T BL−T )
= 1

σi (BL−T )2 ,

which yields σr∗−i+1(A, B) = 1/σi (BL−T ). By applying Theorem 7 setting A, Û ,
�̂ and V̂ in this theorem as BL−T , Û , �̂ and LT V̂ , respectively, we obtain δB∗

i ≤
σi (BL−T ) ≤ δ

B∗
i , where

δB∗
i := �̂i i

√
(1 − ‖F̂‖2)(1 − ‖Ĝ‖2) − ‖Û �̂(LT V̂ )T − BL−T ‖2,

δ
B∗
i := �̂i i

√
(1 + ‖F̂‖2)(1 + ‖Ĝ‖2) + ‖Û �̂(LT V̂ )T − BL−T ‖2.

This and the similar derivation to (5.1) give δB
i ≤ σi (BL−T ) ≤ δ

B
i . This inequality

and σr∗−i+1(A, B) = 1/σi (BL−T ) prove the corollary. 
�
Remark 8 Note that the algorithm based on Corollary 5 does not give verified bounds
for all the generalized singular values if rδ < r∗. The algorithms based on Corollaries 6,
7 and 8 have the analogous property.

Corollary 6 Let A, B, q and r∗ be as in Corollary 5, U ∈ R
p×p and V ∈ R

n×n

be given, F := V T AT AV − In and G := U T U − Ip. Define D, E ∈ R
p×n so

that D + E = U T BV and D is diagonal. Let ν : {1, . . . , q} → {1, . . . , q} and
rε denote a numbering and an index satisfying |Dν(1)ν(1)| ≥ · · · ≥ |Dν(q)ν(q)| and
|Dν(rε)ν(rε)| > ‖E‖2 ≥ |Dν(rε+1)ν(rε+1)|, respectively. If ‖F‖2 < 1 and ‖G‖2 < 1,
then rank(A) = n and 1/εB

ν(i) ≤ σr∗−i+1(A, B) ≤ 1/εB
ν(i) hold for i = 1, . . . , rε,

where εB
i and εB

i are defined similarly to εM
i and εM

i in Theorem 9, respectively. If
rε = q in particular, 1/εB

ν(i) ≤ σq−i+1(A, B) ≤ 1/εB
ν(i) holds for i = 1, . . . , q.

Proof Let L be as in the proof of Corollary 5. The coincidence σr∗−i+1(A, B) =
1/σi (BL−T ) and the application of Theorem 9 by setting A, U and V in this theorem
as BL−T , U and LT V , respectively, prove the result. 
�
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Corollary 7 Let A, B, Û , �̂, V̂ , q, F̂ , Ĝ, r∗ and β be as in Corollary 5. Define

� :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

√
1 − ‖Ĝ‖2

√
1 + ‖F̂‖2

�̂ (when p ≥ n)

√
1 − ‖F̂‖2

√
1 + ‖Ĝ‖2

�̂ (when p < n)

, � :=

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

√
1 + ‖Ĝ‖2

√
1 − ‖F̂‖2

�̂ (when p ≥ n)

√
1 + ‖F̂‖2

√
1 − ‖Ĝ‖2

�̂ (when p < n)

,

ρ :=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

‖BV̂ − Û �̂‖2√
1 − ‖F̂‖2

(when p ≥ n)

β‖Û T B − �̂V̂ T AT A‖2√
1 − ‖Ĝ‖2

(when p < n)

.

Let rρ denote an index satisfying �rρrρ
> ρ ≥ �rρ+1rρ+1. If ‖F̂‖2 < 1 and ‖Ĝ‖2 < 1,

then rank(A) = n and 1/(�i i + ρ) ≤ σr∗−i+1(A, B) ≤ 1/(�i i − ρ) follow for
i = 1, . . . , rρ . If rρ = q in particular, 1/(�i i + ρ) ≤ σq−i+1(A, B) ≤ 1/(�i i − ρ)

holds for i = 1, . . . , q.

Proof Let L be as in the proof of Corollary 5. The relation σr∗−i+1(A, B) =
1/σi (BL−T ), the application of Theorem 10 by setting A, Û , �̂ and V̂ in this theorem
as BL−T , Û , �̂ and LT V̂ , respectively, and the similar derivation to (5.1) give the
result. 
�
Corollary 8 Let A, B, V̂ , F̂ , q and r∗ be as in Corollary 5. Define D̂, Ê ∈ R

n×n

so that D̂ + Ê = (BV̂ )T (BV̂ ) and D̂ is diagonal. Let ν : {1, . . . , n} → {1, . . . , n}
and rζ denote a numbering and an index satisfying D̂ν(1)ν(1) ≥ · · · ≥ D̂ν(n)ν(n)

and D̂ν(rζ )ν(rζ ) > ‖Ê‖∞ ≥ D̂ν(rζ +1)ν(rζ +1), respectively. Let ζ B
i

and ζ
B
i be defined

similarly to ζ M
i

and ζ
M
i in Theorem 11, respectively. If ‖F̂‖2 < 1, then rank(A) = n

and 1/ζ
B
ν(i) ≤ σr∗−i+1(A, B) ≤ 1/ζ B

ν(i)
follow for i = 1, . . . , rζ . If rζ = q in

particular, 1/ζ
B
ν(i) ≤ σq−i+1(A, B) ≤ 1/ζ B

ν(i)
follows for i = 1, . . . , q.

Proof Let L be as in the proof of Corollary 5. The relation σr∗−i+1(A, B) =
1/σi (BL−T ) and application of Theorem 11 by setting A and V in this theorem
as BL−T and LT V̂ , respectively, yield the result. 
�

6 An algorithm to obtain β

For computing verified bounds for the generalized singular values based on Corollar-
ies 1, 5 and 7, we need to obtain β in these corollaries. In this section, we introduce
a fast algorithm to obtain β in Corollary 1. We can obtain β in Corollaries 5 and 7
completely analogously by this algorithm. We present Theorem 13 for this purpose.
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Theorem 13 Let B ∈ R
p×n with p ≥ n, rank(B) = n, q ∈ {1,∞} and Bc ∈ R

n×n

be symmetric. Assume the floating point Cholesky factorization Bc ≈ L̃ L̃T runs to
completion, where L̃ ∈ R

n×n is lower triangular. Let X L ∈ R
n×n be an approximate

inverse of L̃ whose columns X Le(n,i) are computed by substitution, in any order, of n
linear systems L(X Le(n,i)) = e(n,i), i = 1, . . . , n, s(n) := (1, . . . , 1)T ∈ R

n,

ρq := γn‖|X L ||L̃|s(n)‖q + nu
1 − nu

‖ns(n) + diag(|L̃|)‖q , τq := ‖X L‖q

1 − ρq
,

τC := γn+1‖|L̃||L̃T |s(n)‖∞ + nu
1 − (n − 1)u

‖(n − 1)s(n) + diag(|L̃|)‖∞.

If τ1τ∞(τC + ‖BT B − Bc‖∞) < 1, it holds that

‖B+‖2 ≤
√

τ1τ∞
1 − τ1τ∞(τC + ‖BT B − Bc‖∞)

.

Proof From τ1τ∞τC < 1 and [7, Theorem 10], we have ‖B−1
c ‖2 ≤ τ1τ∞/(1 −

τ1τ∞τC ). This, p ≥ n, rank(B) = n and Lemma 2 yield

σn(B)2 = σn(BT B) = σn(Bc) + σn(BT B) − σn(Bc)

≥ σn(Bc) − |σn(BT B) − σn(Bc)| ≥ σn(Bc) − ‖BT B − Bc‖2

≥ σn(Bc) − ‖BT B − Bc‖∞ = 1

‖B−1
c ‖2

− ‖BT B − Bc‖∞

≥ 1 − τ1τ∞τC

τ1τ∞
− ‖BT B − Bc‖∞.

This and ‖B+‖2 = 1/σn(B) prove the theorem. 
�
In the practical application of Theorem 13, Bc is the center of the inclusion of

BT B. Thus Bc, L̃ and the inclusion of BT B can be obtained in “the other parts” of the
algorithm based on Corollary 1. By utilizing these matrices, computational cost for
obtaining β is n3/3 + O(n2), since the computation of X L requires n3/3 operations.

7 Numerical results for generalized singular values

In this section, we report numerical results for the generalized singular values. We
used the same computer as that in Sect. 4. Throughout this section, let rδ , rε, rρ and
rζ be as in Corollaries 5, 6, 7 and 8, respectively. The compared algorithms are as
follows:

M1A: The algorithm based on Corollary 1,
M2A: The algorithm based on Corollary 2,
M3A: The algorithm based on Corollary 3,
M4A: The algorithm based on Corollary 4,
M1B: The algorithm based on Corollary 5,
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M2B: The algorithm based on Corollary 6,
M3B: The algorithm based on Corollary 7,
M4B: The algorithm based on Corollary 8.

The functions svd and eig are adopted analogously to Sect. 4. The notation MO is
defined similarly to Sect. 4. The Cholesky factorization is executed via the function
chol. In tables below, the notation fail2 means that the algorithms failed because
‖F̂‖2 < 1 or ‖F‖2 < 1 could not be verified, where F̂ and F are defined as in
Corollaries 1, 2, 5 or 6.

7.1 Example 1

In this example, we observe computing times of the algorithms for various m, n
and p. Consider the case when A ∈ R

m×n and B ∈ R
p×n are generated by A

= randn(m,n); and B = randn(p,n);, respectively. Table 7 displays the
computing times of the algorithms for various m, n and p. When (m, n, p) =
(3000, 1000, 300), (3000, 3000, 300), (10000, 3000, 300), we executed M1B, M2B,
M3B and M4B only, since the other algorithms are not applicable. In this example,
rδ = rε = rρ = rζ = min(p, n) followed in all the cases when the algorithms
succeeded.

The computing times of M1A and M3A were comparable. The same can be said
for M1B and M3B. The computing times of M2A and M2B were larger than those
of M1A and M3A, and M1B and M3B, respectively. This result coincides with the
discussion in Sect. 5. When n ≤ p, M4A and M4B were faster than M1A, M2A and
M3A, and M1B, M2B and M3B, respectively. When n > p, on the other hand, M4B
was slower than M1B, M2B and M3B.

7.2 Example 2

In this example, we observe the magnitudes of the radii for various κ(A). Con-
sider the case when A ∈ R

1000×10 and B ∈ R
1000×10 are generated by A =

Table 7 Computing times (s) in Sect. 7.1

m n p M1A M2A M3A M4A M1B M2B M3B M4B

2000 300 1000 1.3104 10.809 1.2162 0.8197 0.9630 2.2682 0.8989 0.6319

1000 300 2000 0.9738 2.3588 0.9105 0.6273 1.2783 10.449 1.1967 0.8037

2000 300 2000 1.3593 10.879 1.2967 0.8613 1.3864 10.542 1.2858 0.8787

10000 300 2000 4.6824 MO 4.4253 2.7647 1.8935 11.015 1.7763 1.3769

2000 300 10000 1.9058 11.406 1.8139 1.3782 4.7023 MO 4.4114 2.8252

10000 300 10000 5.2191 MO 4.8989 3.2776 5.2155 MO 4.9094 3.3011

1000 1000 1000 18.514 18.613 17.557 9.9175 18.328 18.468 17.348 9.9185

2000 2000 2000 142.89 144.76 137.26 75.783 142.79 144.80 136.74 75.299

2000 1000 300 – – – – 3.3226 5.2596 3.2534 8.2147

2000 2000 300 – – – – 12.077 28.514 11.697 58.356

10000 2000 300 – – – – 32.255 48.781 32.061 81.392
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Table 8 Maximum (upper part) and minimum (lower part) radii in Sect. 7.2

cndA M1A M2A M3A M4A M1B M2B M3B M4B

1e+0 1.8e–14 8.8e–15 4.6e–15 4.2e–15 1.5e–14 8.0e–15 3.9e–15 5.6e–15

1e+2 6.8e–15 7.6e–15 3.6e–15 3.3e–15 1.6e–9 1.9e–12 1.9e–12 3.8e–12

1e+4 6.5e–15 7.7e–15 3.9e–15 3.4e–15 1.3e–3 2.0e–8 2.0e–8 4.0e–8

1e+6 5.1e–15 7.3e–15 3.2e–15 3.0e–15 8.5e–7 9.5e–5 9.5e–5 1.8e–4

1e+8 4.6e–15 7.2e–15 3.3e–15 5.1e–12 fail2 fail2 fail2 fail2

1e+0 1.7e–14 7.5e–15 3.9e–15 2.9e–15 1.1e–14 6.7e–15 3.2e–15 4.7e–15

1e+2 3.5e–15 9.0e–17 2.7e–16 3.1e–17 1.8e–13 1.9e–14 1.9e–14 3.8e–14

1e+4 3.1e–15 3.1e–18 4.5e–16 2.5e–18 1.4e–11 1.9e–12 1.9e–12 3.8e–12

1e+6 2.1e–15 2.0e–18 1.3e–16 1.8e–18 1.2e–9 9.4e–11 9.4e–11 1.8e–10

1e+8 1.6e–15 1.4e–18 1.7e–16 1.6e–18 fail2 fail2 fail2 fail2

Table 9 Obtained rδ , rε , rρ and rζ in Sect. 7.2

cndA rδ rε rρ rζ

1e+0 10 10 10 10

1e+2 10 10 10 10

1e+4 10 10 10 10

1e+6 3 10 10 10

1e+8 fail2 fail2 fail2 fail2

gallery(’randsvd’,[1000,10],cndA); andB = randn(1000,10);,
respectively. Tables 8 and 9 display the maximum and minimum radii, and rδ , rε, rρ

and rζ , respectively, for various cndA.
The algorithms M1A, M2A, M3A and M4A gave small radii. The radii by M1B,

M2B, M3B and M4B were large when cndA was large. The reason is that ‖F̂‖2 and
‖Ê‖2 in Corollary 5, ‖F‖2 and |Ei j | in Corollary 6, ρ in Corollary 7 and |Êi j | in
Corollary 8 were large when cndA was large. It is guessed that the enlargement of
these values are caused by the loss of accuracy of V̂ and V . The radii by M1B were
larger than those by M2B, M3B and M4B, and rδ became less than 10 when cndA
= 1e+6. The reason is that M1B requires the upper bound for ‖A+‖2, although M2B,
M3B and M4B do not require it.

7.3 Example 3

In this example, we observe the magnitudes of the radii for various κ(B). Con-
sider the case when A ∈ R

1000×10 and B ∈ R
1000×10 are generated by A =

randn(1000,10); and B = gallery(’randsvd’,[1000,10],cndB);,
respectively. Tables 10 and 11 display the similar quantities to Tables 8 and 9, respec-
tively, for various cndB.
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Table 10 Maximum (upper part) and minimum (lower part) radii in Sect. 7.3

cndB M1A M2A M3A M4A M1B M2B M3B M4B

1e+0 1.2e–11 7.8e–12 3.8e–12 3.4e–12 1.7e–11 7.8e–12 3.8e–12 5.6e–12

1e+2 3.3e–6 3.1e–7 3.1e–7 3.1e–7 4.2e–8 7.5e–10 2.1e–9 5.8e–10

1e+4 1.1e+0 1.2e–1 1.2e–1 1.2e–1 2.9e–4 7.2e–8 5.4e–5 5.0e–8

1e+6 9.8e+5 1.5e+5 1.5e+5 1.5e+5 2.4e+0 7.4e–6 6.0e–1 1.1e–1

1e+8 fail2 fail2 fail2 fail2 5.1e+4 2.4e–3 1.3e+3 9.3e+5

1e+0 1.2e–11 6.9e–12 3.3e–12 2.4e–12 1.3e–11 6.7e–12 3.2e–12 4.8e–12

1e+2 3.0e–6 3.2e–9 3.2e–9 3.1e–9 7.9e–12 7.6e–12 3.8e–12 5.8e–12

1e+4 9.0e–1 1.2e–5 1.2e–5 1.2e–5 5.6e–12 6.8e–12 3.5e–12 4.7e–12

1e+6 8.3e+5 1.5e–1 1.5e–1 1.5e–1 5.8e–12 7.4e–12 4.0e–12 5.5e–12

1e+8 fail2 fail2 fail2 fail2 9.4e–12 7.5e–12 3.6e–12 5.6e–12

Table 11 Obtained rδ , rε , rρ and rζ in Sect. 7.3

cndB rδ rε rρ rζ

1e+0 10 10 10 10

1e+2 10 10 10 10

1e+4 10 10 10 10

1e+6 10 10 10 10

1e+8 10 10 10 9

The radii by M1A, M2A, M3A and M4A in this section showed tendencies analo-
gous to those of the radii by M1B, M2B, M3B and M4B in Sect. 7.2, respectively. The
radii by M1B, M2B, M3B and M4B in this section were larger than those by M1A,
M2A, M3A and M4A in Sect. 7.2 when cndBwas large. The reason is as follows: Let
L be as in Corollary 5. The smallest singular value of BL−T becomes close to zero as

cndB increases. Hence δB
rδ

, δ
B
rδ

, εB
ν(rε)

, εB
ν(rε)

, �rρrρ
− ρ, �rρrρ + ρ, ζ B

ν(rζ )
and ζ

B
ν(rζ )

in Corollaries 5, 6, 7 and 8 become also close to zero, so that the radii are enlarged

by taking reciprocals. For instance, let δB
rδ

=1.0e–8 − 1.0e–15 and δ
B
rδ

=1.0e–8 +
1.0e–15. Then (1/δB

rδ
− 1/δ

B
rδ

)/2 ≈1.0e+1, although (δ
B
rδ

− δB
rδ

)/2 =1.0e–15. When
cndB = 1e+8, rζ became less than 10, although rδ = rε = rρ =10. The reason is
that M4B is based on the bound for the eigenvalues of L−1 BT BL−T , i.e. square of
the singular values of BL−T , as opposed that M1B, M2B and M3B are based on the
bound for the singular values of BL−T .

7.4 Example 4

In this example, we observe the magnitudes of the radii when A is rank defi-
cient. Consider the case when A ∈ R

10×3 and B ∈ R
10×3 are generated by A =

repmat(randn (10,1),1,3); and B = randn(10,3);, respectively. We
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Table 12 Obtained radii in Sect. 7.4

M1A M2A

8.6e–15 4.7e–15 4.7e–15 6.0e–15 1.1e–15 1.1e–15

M3A M4A

5.3e–15 1.4e–15 1.4e–15 3.8e–15 1.2e–8 1.2e–8

executed M1A, M2A, M3A and M4A only. Table 12 displays analogous quantities to
Table 3 obtained by these algorithms, showing the similar tendency to that in Sect.
4.3.

7.5 Example 5

In this example, we observe the magnitudes of the radii when B is rank defi-
cient. Consider the case when A ∈ R

10×3 and B ∈ R
10×3 are generated by A =

randn(10,3); andB = repmat(randn(10,1),1,3);, respectively. In this
case, A and B have only one generalized singular value. We executed M1B, M2B, M3B
and M4B only. The radii obtained by M1B, M2B, M3B and M4B are 4.5e–15, 1.9e–
15, 2.1e–15 and 2.8e–15, respectively. We moreover obtained rδ = rε = rρ = rζ = 1.
Thus the verified bound for the one generalized singular value could be computed by
the executed algorithms.

8 Conclusion

In this paper, we proposed algorithms for computing verified bounds of all the singular
values, and reported some numerical results. We moreover showed that the proposed
algorithms give equal or tighter bounds than those by the previous algorithms, and
introduced the application of the proposed algorithms.

By modifying the proposed algorithms slightly, verified bounds of all the singular
values, where A are complex and/or interval, can be computed. By utilizing [7, The-
orem 7], verified bounds of all columns of X in Theorem 2 can be obtained, since
these columns are the eigenvectors corresponding to the generalized eigenvalues of
AT A and BT B. Our future work will be the open challenge discussed in Remark 5, to
develop an algorithm for computing verified bounds of the generalized singular values
in the case when m < n or the both of AT A and BT B are singular, and to propose a
new algorithm for computing verified bounds for few of the largest or smallest singular
values.
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